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ABSTRACT 

Some  results  of  the  study  of  operators  and  their  representatioa 
in  terms  of  basic  operators  are  presented.  It  is  shown  that  the 
generalized  expansion  in  terms  of  the  buic  functions  satisfies  a least 
square  requirement  which  is  independent  of  tiie  representation  of  the 
operators.  The  notion  of  representatives  and  matrix  elements  of  the 
second  kind  is  introduced  together  with  the  idea  of  transformation 
functions  of  the  second  kind.  A representation  of  operators  is  set 
forth  very  similar  to  the  Fourier  Integral  expansion  but  with  the 
Fourier  coefficients  manifested  as  functions  of  the  displacement  opera- 
tor (3.27).  (3.36)  or  as  functions  of  the  space-time  operators  (3.33), 

(3.  35).  A reduction  of  the  solution  of  a linear  operator  equation  to  the 
solution  of  a partial  differential  equation  is  effected.  Consideration 
is  given  to  a definition  of  an  averaging  process  for  operator  fields  and 
the  probability  distribution  of  operators  relative  to  the  averaging 
process.  The  averaging  process  is  also  independent  of  the  representa- 
tion of  the  operators. 

Operator  identities  are  obtained  by  considering  the  invariance 
properties  under  tensor  and/or  similarity  transformations  of  arbitrary 
functions  of  operators.  These  identities  are  used  to  study  the  question 
of  the  existence  and  structure  of  conservation  equations  for  operator 
or  non-local  fields.  In  the  limit  of  - ntunber  fields  conservation 


iv 


•quationt  exist  but  for  operator  fields  another  operator  equation 
besides  the  field  equations  must  be  satisfied.  The  former  is  always 
satisfied  for  C''  number  fields.  An  example  which  leads  to  conserva* 
tion  equations  is  considered. 

In  order  to  make  some  connection  of  the  theory  with  possible 
experiments  some  consequences  of  the  interaction  of  a non>local 
photon  with  a constant  electromagnetic  £,H  field  are  considered.  The 
interaction  is  shown  to  vanish  in  the  limit  of  local ‘fields  independently 
of  the  magnitude  of  the  coupling  constant  ^ so  that  the  results  obtained 
could  be  traced  directly  to  the  assumption  of  a non>local  field.  An 
exact  solution  for  the  non-local  field  is  obtained  as  a sum  of  non- 
local plane  waves  containing  the  four  vector  shown  that 

this  vector  in  conjunction  with  the  coupling  constant  plays  two  roles. 

In  one  it  is  involved  in  the  expression  for  an  electric  dipole  moment: 

^ and  in  the  other  in  an  expression  for  a magnetic  dipole  with 
moment  ^/z(cj^xk)/i  k\  whe  re  I k I is  the  propagation 
vector.  This  identification  gives  significance  to  the  C'*  numbers 
appearing  in  the  theory.  The  equivalent  mass yl/C>  averaged  over 
orientations  of  ^ for  which ^ O turns  out  to  be  of  order 
^.ox  ‘^electron  mass,  where  ^ is  the  number  of 

Bohr  magnetons:  "’M.e.  A the  wave  length  and  3 an 

upper  limit  to  the  magnitude  of  the  external  field  in  Gaussian  units. 

An  order  of  magnitude  masure  of  the  optical  properties  of  the  region 


V 


containing  the  conetant  H field  which  affecte  the  non-local  photon 
ia  where  ia  an  upper  limit  to 

the  index  of  refraction.  For  pronounced  meaaurable  effecta,  aay, 
In-/ 1 / , y attaina  a value  of 


IcryA. 


electron 


maaaea. 


I.  INTRODUCTION 


1,  Notation  and  Fm>d»ment>l  Commutation  Relationship 

In  thi*  report  we  ehall  uae  the  formaliem  deecribed  by  Dirac 
in  his  treatise  on  Quantum  Mechanics.  Throughout  our  investiga> 
tion  we  will  choose  our  units  such  as  to  render  ^ S ~ ^ ' 

and  C 3 / , where  h is  Planck's  constant  and  O the  velocity  of 
light.  In  view  of  this  choice  of  units  the  commutation  relationships 
between  the  contravariant  space  -time  four -vector  operators  . 
and  the  covariant  four -vector  energy -momentum  vector  are 

(M) 

- -t 

where  for  any  two  operators.  ^ and  3 » 


[A, 63  H/iB-BA. 


The  subscripts  and  superscripts  take  on  |he  values  0,  1,  2.  3.  The 
value  sero  assigned  to  ^ in  or  will  denote  the  temporal 
and  energy  component  of  the  four-vectors  or  respectively; 
while  the  remaining  values  for  yuu  will  deno^  the  spatial  and  momentum 
components  respectively.  is  the  well  l;|kown  Kronecker  delta 


fuactioa  defined  by 


^ yU  t IT 

= ^ A * ^ 


<1.S) 


We  may  past  from  a contravariant  or  covariaat  representation  to  a 
covariant  or  contravariant  representation  of  these  vectors  through 
the  intermediary  of  the  flat-space  metric  tensor  or 

defined  hy 


= "/y/U  = IT  = /^  3 (1.4) 

- f \r. 


For  if  we  bear  in  mind  the  summation  convention  of  Tensor  Analysis 

V'  "•»> 

In  the  same  manner  any  superscript  or  subscript  may  be  raised  or 
lowered  in  a tensor  expression  by  suitable  multiplication  by  either 
the  * 


3. 


2.  Ktetrix  Elem<nti  of  F*  ^ ) 

In  this  section  we  shall  tabulate  for  future  reference  some 
matrix  elements  of  various  combinations  of  the  operators  ^^and 
. In  the  notation  of  Dirac^^l  the  matrix  elements  of  a func* 
tion  of  the  displacement  operator  ^ ^ representation 

with  the  ‘5  diagonal  are  given  by 


<1,6) 


where  for  brevity  we  write  and  to  mean  the  set  ‘ p^^p  p^ 

9mA  p^ y p!' j p^* y p^^  , respectively;  while  <5  (p'- ^"}stands 
for  the  four  •dimensional  Dirac  function 


Upon  making  use  of  the  identity 


(i.ai 


and  (1. 1)  we  can  write 


4. 


wh«r«  th«  derivative  of  ^ with 

reepect  Nowif  can  be  written  at  a double  power 

■eriet  in  the  operatort  and  we  can  ehow  upon  repeatedly 
applying  (1.9).  (1.6)  and  the  rulee  of  matrix  multiplication. 

(1.10) 

On  the  other  hand  in  a representation  with  the  yC*  diagonal 

(k'-z"). 


/I  11^ 


The  transformation  function  which  enables  one  to  go  from  a repre* 
sentation  with  the  jp  ^5  diagonal  to  one  with  the  % diagonal  is 
well  known  to  be 


iz‘  - 


(1.12) 


(1,12)  satisfies 

f<K'  \f>dy'  y - i (jz‘- %"), 

jy\z’>  d*  z'  {%'  \f">-  h(f'-y). 


(1.13) 


s. 


f**  ^ i k i 

For  the  special  caie  r , with  fl 

being  C-  numbers,  that  is,  those  numbers  which  commute  with  all 
of  the  operators  appearing  in  the  analysis,  application  of  (1 . 10) 
yields 


Slmilarlyi 


(%'  \t," } » $ + c ).  (i.>5» 

Formal  Expansion  Of  Fif.x) 

In  some  previous  work^^^  it  was  shown  that  there  exists  a 
formal  expansion  of  operator  functions  of  the  operators 

which  satisfy  the  commutation  relations  (1.1)  in  terms  of 
certain  basic  operator  functions  defined  by 


I)  •=  i.' ") 

^n'fe'  = V t ' ^ -» 


(I.UI 


where 

K'n"  ' ^Aj  n" 


(MT) 


la  terms  of  these  tissic  functions  we  could  write  the  formal  expansion 


where  {J  , ,,  is  the  adjoint  of  U , ju,  and  the  symbol  CVr  A) 
/I-  « )X  R 

denotes  the  trace  of  the  operator  A • Consequently,  the  expansion 
coefficients  are  independent  of  the  representation  of  the  operators. 

Now,  the  expansion  could  be  generalised  in  the  following 
manner  by  considering  our  basic  fxinctions  to  be  of  the  form 


(1.19) 


where  we  shall  require  that  the  / 'i  also  form  a complete  ortho* 
gonal  set  satisfying 

/{itrf'j  (xO  ^ or  i (k  - k‘')  (1.20) 


We  shall  now  show  that 


(1.21) 


upon  using  the  cyclic  property  of  the  trace; 


TrWBC)=Tr(BCA)=Tr  (CA6).  H.n« 


But, 


fip  hc'Xt'1%.  (x)WXr\f'>i 

¥ 

kf  I t'Xx'if '}%,(%') - 

upon  using  (1.12).  Consequently, 


(f-  (f‘-  f ^ ^ (r)  % 


so  tfiat  upon  making  use  of  (1 . 17)  and  (1 . 20),  (1 . 21)  follows. 


8. 


Now  if  wo  toko  «•  our  criterion  of  npproximntion  to  the 


ope-rntor  function 


the  •mnllnooo  of  the  number 


it  ie  readily  aeon  that  E ^ O ia  leaet  if  the  coefficienti 
in  the  expanaion  of  F* eatisfy 


(1.23) 


aa  we  aee  upon  applying  (1*21).  Thua  our  expanaiona  aatiafy  a 
"leaat  aquare*'  requirement  if  F* ic)  ia  approximated  by  the 
expanaion 

n'A' 

^ , i « denotea  aummationo  or  integratioaa  over  Tl'  and/or  ik 

We  may  further  generaliae  the  expanaion  by  noting  that  the 
argument  of  the  in  (1 , 19)  may  be  changed  \o  where 

ia  any  number. 


t 
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n.  PROPERTIKS  OP  BASIC  FUNCTIONS 


4.  R0pr«»entativ<  of  the  Second  Kind  (R.S,) 

In  Quantum  Mechanics  the  representative  of  a ket  I Cc  ^ i» 
obtained  by  scalar  multiplication  by  a complete  set  of  basic  bras. 

The  set  of  numbers  obtained  in  this  manner  ie  called  the  representa* 
tive  of  the  ket  / ^ . The  representative  of  an  operator  /\  is 

obtained  by  multiplying  on  the  left  by  a member  of  the  basic  bras. 

••y.  <AJ  and  tiien  on  the  right  by  the  basic  ket  IA>>.  The  set 
^ A|  ! A f A j ^ constitutea  the  representative  of  the  operator  /\ 
or  the  matrix  elements  of  A in  a representation  with  A diagonal. 
We  shall  refer  to  these  representatives  as  representatives  of  the 
first  kind. 

The  representative  of  the  second  kind  (R.S.)  of  the  operator 


F if,  z) 


shall  be  defined  as  the  set  of  numbers 


Tr(FU.,.,) 


where  is  the  adjoint  of  the  basic  operator  • Knowl- 

edge of  the  set  of  numbers  (2. 1)  is  equivalent  to  knowledge  of  the 
operator  F"  , since  we  have  from  (1.18) 


(2.2) 


10. 


in  the  aenee  of  n "lenat  aqunre"  requirement.  More  generally  we 
may  take  the  R.S.  of  F*  relative  to  the  baeic  fvmctione  V , 
defined  in  (1-3)  to  be 


The  R.S.  of  y relative  to  the  basic  functione  1/  , is 

ML' 


Tr(S  V )=-  i h 


as  we  aee  from  (1.21)  and  we  note  that  these  R.S.  's  are  real  num- 
bers. In  (2.4)  and  (2.2)  the  notation  implies  that  the  /t  'S  are  dis- 
crete and  the  ^ ^<3  are  continuous.  In  any  stage  of  the  analysis  we 
may  consider  the  ^ and  the  h to  be  either  continuous  or  dis- 
crete but  shall  use  a notation  which  implies  discreteness  for  ease 
in  manipulation,  it  being  a simple  manner  to  effect  changes  in  our 


expressions  in  any  particular  ease. 
Now  if  A and  ^ are  tw 


and  O are  two  operator  functions 


and  ^ we  have 


of  the  ^ 


(Tr  (/\  Bf ' B 

\fXf  I B 


=T(BA)*Tr  (AB). 


(*.M 


In  n aimiUr  manner  we  may  ehow  that 


(Tr(ABC))*.TK  (C  BA) 


(2. 6) 


In  view  of  (2. 5)  we  have  the  following  relationahip  between  the  il.S. 


of  F*  relative  to  the  baaic  functiona  V > . , and  the  R.S.  of  F" 


relative  to  the  basic  functiona  y / < y 

'm! 


(2.7) 


The  equations  establishing  the  connection  between  the  representa- 
tivee  ^RiS.)  of  P and  P andtheR.S.  of  h and  P respec< 
tively  are 


F-y  Tr  <Fy.,,.)V.,. 


(2.8) 


It  is  seen  that  the  second  equation  of  (2,  8)  may  be  obtained  by  taking 
the  adjoint  of  both  sides  of  the  tirst  equation  and  applying  (2.5). 

5,  Transformation  Function  of  Second  Kind;  T.F.S, 

If  we  have  two  complete  sots  of  basic  bras  (A'  ( and  i 


12« 


ft  ket  1A>  will  hftv«  two  representfttives  <A'IA>  «d</a'IA). 


•o  thftt 


( AM  A ) = (A'  I ^ y I A 

/U 

</u'IA>^^  </a'l  AXA  |A>^ 


(2.9) 


since 


L (A'Xa'i-  /. 

yU7  A' 


(2.10) 


(2*9)  shows  that  either  representative  of  IA>  cftn  be  expressed  in 

terms  of  the  other  representative  and  the  coefficients  ^ A iytL  ^ 

or  </U'/A'>.  These  latter  numbers  are  called  transformation 

functions  in  Quantum  Mechanics. 

Now  let  us  consider  two  sets  of  basic  operators  V , . 

yt\.  L 

and  which  satisfy 


_ 

' 


(2.11) 


An  operator  function 


may  be  expressed  in  terms  of  either  set  as 


13. 


F.r  T.(FW.,,)W,*, 


Now  if  in  (2.12)  we  replace  ^ by  V\/^,  we  obtain 


^n!k''  ^ ^ ^n!k'  ' 


(2.13) 


(2.14) 


Upon  putting  (2. 14)  into  (2. 13)  there  resulte 


F.y  rT.(FW„,)Tr(W„,,V,.,)V_,,, , 


Consequently,  if  we  multiply  both  sides  of  (2. 15)  by  V „ and 

//v  ^s* 


take  the  trace,  we  have  using  (2. 11) 


The  interchange  of  the  W *5  and  V '5  appearing  in  (2. 16)  gives 


14. 


(2. 16)  and  (2.17)  establithea  a ralationship  between  the  R.S,  of 
relative  to  the  set  of  basic  functions  V , . y and  the  R.S.  of  1“ 
relative  to  the  set  of  basic  functions  involving  the 

expressions 


(2.18) 


The  quantities  in  (2.18)  are  defined  to  be  transformation  functions 
of  the  second  kind:  T.F.S.  These  transformation  functions  satisfy 


(2.19) 


as  we  see  when  we  apply  (2.5). 

These  T.F.S.'s  are  seen  to  satisfy  also 


M>  * 


wliich  may  be  verified  by  replacing  F"  in  (2.  l6)  and  (2. 17)  by 
and  respectively  and  using  (2. 11). 


15. 


6,  Matrix  Elemenf  o£  th»  Second  Kind;  M.E.S. 

Let  u8  coneider  the  expenaion  of  the  operator  in 

terma  of  the  aet  of  baaic  functiona  w,„  . Upon  replacing  in 

71  A 

(2.13)  hyW^,^,  F we  obtain 


(2.22) 


If  we  now  multiply  (2. 22)  on  the  right  by  ^ and  then  trace  both 
aide  a of  the  equation  we  obtain 


Tr  F &' (w  , F G' \ 


where  G'  i a another  operator.  If  Or  i a now  replaced  by 


GW  ...  , (2.23)  yielda 


y Tr  (W  FW  )T(W..,,G  W.,.,. li.M 

■»v"  a 

which  ia  analogoua  to  the  law  of  matrix  multiplication  in  Quantum 
Mechanica 


<x:  I FG  1 < A'  I FI  A")  <A"'  I G / A"> 


(2.25) 


A*  a rasult  we  ehall  defina  the  matrix  elements  of  the  second  kind: 


(M.E,S.)  of  an  operator 
funetions  W ...  to  be 


. F . say, 


relative  to  the  set  of  basic 


Ir  (I 

From  (2.3)  we  see  that  the  M.E.S.  o£  f'  is  merely  the  R.S.  of 

the  operator  w...  F relative  to  the  set  of  W^5  or  the  R.  S.  of 

FW,„.  relative  to  the  set  of  W-’S  , The  adjoint  I"  of 

n. 

has  for  its  M,E,S. 

Tr  (i 

so  that  from  (2.6) 


Tr(w^,^,h 


which  is  the  conjugate  complex  of  the  transposed  M.E.S.  of  F . 
If  F is  hermitian  then 


Tr  F ) = Ir  ) 


= (Tr  C W^.*„  F w^,^,  ))^  (2.W) 


I 


V- 


If. 


which  it  analogous  to  tha  propsrty  of  the  matrix  elements  of  a 
hermitiha  operator 


(2.30) 


The  M.E.S,  of  F”  relative  to  the  V'5  may  be  obtained 
from  the  M,E»S.  of  F relative  to  the  W''<S  through  the  intermediary 
of  the  T,F.S.«s  defined  in  (2,18)t 


(2. 31)  may  be  verified  by  noting  that  (2, 16)  implies 


and  that 


which  follows  from  (2,17)  upon  interchanging  the  role  played  by  W 
and  y therein. 


18. 


Wc  mutt  note  that  knowledge  of  the  of  P*  enablee 

ue  to  infer  either  W , P”  or  \ tgi  *o  that  if  iV  poeeessee 

Tvv  £*  h\t  L 

an  inverae  then  P i a accordingly  determined.  The  M,E,S«  of 
P ie  a fvtnction  of  four  fete  of  numbere  while  the  R.S.  of  P 
if  a function  of  two  eeti,  Conaequently  in  principle  it  would  be 
flimpler  to  represent  P via  the  R.S.  of  rather  than  through 
the  M,E.S,  of  P*  . 

However,  we  may  utilize  knowledge  of  the  M.E.S,  of  P 
to  determine  P by  means  of  the  expression 


F " f'*'  ^ K'*’ 


(2.34)  follows  by  noting  that 


by  (2.22)  and  that 


^ Ir  (W  )V\/  » i 

which  1,  ohuined  hy  putting  P * / in  (2.  IX}* 


(2.36) 


19. 


t ^/U. 


7.  Th«  Basic  Fuaetions 


L.t  us  delin.  the  brnsie  functions  X ns 


X * Yul- 


<2.37) 


where  ^ is  any  number.  This  set  satisfies 

Tr  (X^-*.  X^„^J=  <5  (n'-n")  § (k'~k")  (z.jTn) 

where  HrC- n:)  Mk--k")  are  four 'dimensional  Dirac  func- 
tions defined  similarly  to  ^ in  (1,7).  We  may  verify 

(2. 37a)  in  the  following  manner: 


Y Y 

Tt"k" 


(2.38) 


which  becomes  upon  making  use  of 


-iip-k,z)j  (2.W) 


20. 


<2.40) 


Consequently.  (2.37)  follows  becnuse 

y(^'/  e ^ !/)  ay  (p-'  i ip->  d '!p' = 

-/^TT''^  Tc)  ia) 


from  (1.14), 

,z.4 

and  <5  (k)-^(^l^). 

We  could  have  obtained  <2. 37)  by  making  use  of  the  expres- 
sions obtained  in  section  (1-3).  It  would  have  been  merely  necessary 


to  make  the  identification 


(2. 


% ix) 

It  it  seen  that  this  identification  assures  us  that  tiie  ortitogonality 
conditions  set  forth  in  (1«17)  and  (1.20)  are  satisfied.  However, 
the  procedure  we  have  followed  serves  merely  for  verification  of 
the  more  general  results  <f  (1-3)  and  to  indicate  explicitly  the 
manipulations  in  obtaining  the  results.  It  is  to  be  noted  that  the 
set  of  X^S  when  used  for  expanding  is  a natural  extension 

of  a Fourier  Integral  of  C"  number  functions. 


22. 


HI.  LINEAR  OPERATOR  EQUATIONS 

8.  Matrix  Element*  of  (j  6 ) 

In  order  to  expedite  our  coneide rations  of  linear  operator 
equations  we  ehall  have  need  for  explicit  expreeeions  for  the 
matrix  elements  ot  ^ Ip, lC)\Jb  if>j  jc}  in  terms  of  the  matrix 
elements  of  (J  . Now  if  hj.  is  a C ’*  number  we  have 

(^‘ le' V •‘"u lf>,  o.u 


which  becomes  upon  using  (1.14) 


Cp‘  le  1^")  = f ^ Lp'-f'"-  k Wf(f\  u i^"> 

= /?  I U 1^''  > . 


(3.1) 


If  we  differentiate  both  sides  of  (3.2)  partially  with  respect  to  k,,, 

/LL 


we  obtain 


(3.3) 


If  we  now  set  - O , (3.3)  reduces  to 


23< 


(3.4) 


In  a limiUr  manner  we  may  chow  that 


(^'lU  ~ij^  I U 1^"}. 


(3.5) 


Now, 


s t 


ae  we  cee  from  (3.4)  upon  replacing  U there  by  U and  noting 
that  ^ f . Repeated  application  of  (3.6) 

euggeete  that  if  A(f,t)  can  be  expreaeed  ae  a power  £>eriee 
involving  the  *3  and  the  ‘'J. 

(3.7) 

If  we  coneider  / U I ^ . 


24. 


<f>' I U If  If  >f^ 

'*•** 

when  we  eppl^  ^ > x ^ \ ^ end  (3 . 5)i  |3 . 8J  tleo 

euggeste  thii  « Qft)  can  tia  expreased  ae  a power  aeriet 
involving  the  ^ ^5  atkd  ^ *5  than 

(piU B iff  \f>^B *(f"f^-Xf\i}\f}j  (*.■»)' 

where  it  the  complex  conjugate  of  the  adjoint  of 

For  example  if  Bif,]cXi%f)-+p>T6  , 

, aince  7^  and  are  hermitian. 
By  ~ ^ ^ ^or  thia  caae  would  heconte  the  operator 

f"  ^ - 

Conaequeirtly', 

yifii  if,]c)u  B - 

('p“-'‘-^X(flU\f)j  (J.IO) 


2$. 


upon  applying  (3.7)  first  with  U replaced  by  (j  0 Cp^  K )and  than 
ai^lying  (3*9)  for  the  latter  operator.  Thua  if  the  operators 
and  3 are  known  (3, 10)  enables  us  to  express  the  matrix  ele- 


ments as  a product  of  two  differential  operatore  acting  on 

o'l  U l^">. 

In  a similar  manner  we  can  show  that  in  a representation 


<f 


with  the  diagonal 


(i'  IA(^,z)0B  to)  = 

'A(-i  j]b')  I U I > (1.11) 


(3.11)  could  also  be  obtained  by  making  use  of  the  transformation 
functions  I defined  in  (1. 12). 


I 

We  could  also  note  here  that 


j 


(3,11a) 


since  the  asterisk  in  3 was  introduced  to  neutralise  the  appear- 
ance of  the  aetarisk  acting  on  C-^  numbers  in  forming  3 ^ 

in  order  to  be  consistent  with  our  work  leading  to  (3.9). 


26. 


9.  Gtmrai  Linear  Oparator  Equmtion 

The  most  general  way  in  which  the  operator  U may  occur 
linearly  it  in  an  equation  of  the  type 


(3.12) 


where  the  /I  ’S  . 6 >5  and  0 are  pretumed  to  be  known  oper* 
ator  functions  of  the  'S  and  the  X '5  . We  shall  call  (3. 12)  a 
linear  inhomogeneous  operator  equation  for  the  unknown  operator 
U . If  we  take  the  matrix  elements  of  both  sides  of  (3. 12)  in 
a representation  with  the  ^ ’5  diagonal  and  apply  (3, 10)  to  each 
of  the  expressions  (J  3^  in  the  summand  of  (3,12)  we  obtain 


> 


(f'l  C l^">  (3.12a) 


On  the  other  hand  if  we  take  the  matrix  elements  of  (3. 12)  in  a repre* 
sentation  with  the  ^ ^3  diagonal  wo  obtain  upon  using  (3.11) 


(3.13) 


it 


i 


(3.12)  ad  (3. 13)  are  partial  differential  equations  for  the  matrix 
elements  ) U and  Ci'iu  I }iJ^y  respectively.  Conse- 

quently, if  we  can  solve  (3.12a)  or  (3.13)  l>r  the  matrix  elements 
the  operator  U is  determined.  For  if  we  know  the  matrix  ele- 
ments of  U we  have 

,3.u, 

which  is  the  R.S.  of  U relative  to  the  set  of  basic  functions 
satisfying  (2.11).  But  upon  replacing  ^ by  in  (2.13)  we  have 


(3.15) 


u ’L  ff<f'  I u \f“Xfi  K;  'f '>  K,  dy 

upon  substitution  of  (3. 14)  in  (3.15).  In  precisely  the  same  way  we 
have  in  terms  of  the  matrix  elements  of  U in  a representation 
with  the  diagonal, 

(3.17) 


In  principle,  then,  we  have  reduced  the  solution  of  the  linear 


operator  equation  (3. 12)  to  the  solution  of  a linear  inhomogeneous 


28. 


partial  di£fa«ential  equation  involving  eight  independent  variable*. 

’5  plue  the  four  ^ *5  or  the  four  -’5  plu* 

ytl 

the  four  depending  upon  whether  (3. 12)  or  (3. 13)  i*  taken 

under  concide ration.  (3. 16)  and  <3. 17)  furnish  us  explicit  expres* 
sions  for  the  operator  U in  terms  of  the  eight  operators 
and  . It  is  at  once  apparent  that  the  solutions  (3. 16)  or 

(3. 17)  are  independent  of  the  representations  for  the  operators 

and  due  to  the  circumstance  that  the  trace  of  an  operator 

is  independent  of  the  representation.  Moreover,  the  solutions 
(3,16)  or  (3.17)  do  not  depend  essentially  upon  the  nature  of  the 
basic  functions  just  so  long  as  they  form  a complete  set  satisfy- 
ing orthogonality  conditions  of  the  form  exemplified  by  equations 


of  the  type  (2.11). 


10.  Solution  Utilisiim  ^e  Basic  Functions 


X.,., 


If  in  (3, 16)  we  replace  the  basic  function*  by  the 

basic  functions  we  find  that  we  shall  have  to  evaluate  the 

matrix  elements  Cp  1 I ^ . Now  from  (2.37) 


x„.,,  = e- 


so  that 


29. 


».  w.  ...  upon  .pptyiiig  (1 . 14)  «14  U»  tew.  of  BtetH*  multtpUction. 
Consequently 


V'ivy>x.,,,- 


20) 


(3.20)  is  independent  of  the  C.*"  number  CL>  « 
But 


(3.21) 


Upon  substituting  (3.20)  in  (3.21)  we  have 


22) 


or 


30. 


But.  recalling  that  , denotes  either  integration  or  somma< 

tion  we  have  if  and  /?  are  continuous  so  that 

/ cp-f'). 


(3, 24)  is  formal  in  character  since  we  are  treating  ^ as  a O'" 
number  when  actually  it  is  an  operator.  Nevertheless,  if  we  take 
the  matrix  elements  of  the  left  side  of  (3,24)  in  a representation 
with  the.p  ^3  diagonal  and  then  integrate  we  see  that  the  operator 
^ ) has  matrix  elements  Cp  **  I ^ ^ ** 

which  is  consistent  with 

^ (f')J  Consequently,  (3.23) 


becomes 


Now  here  again  even  though  ^ is  an  operator  we  may  show  that  it 
is  not  inconsistent  to  make  use  of  the  familiar  property  of  the 
function 

(3.26] 


31. 


•o  that  (3.25)  become! 


(3.27) 


We  mu!t  empheeite  that  now  to  be  coniidered 

function  of  the  operators  matrix  elements 


I U \>p-  k')  I U ' )i  (jp  - p'' ) , (3.28) 

(plUlj>-kO  is  obtained  from  I U by  the  simple  pro- 

cedure  of  replacing  p and p respectively  by  p and  P'K  » 

It  is  readily  verified  that  the  trace  of  the  left  side  of  (3.27)  is 
identical  to  the  trace  of  the  right  hand  side,  and  this  provides  an 
additional  check  on  our  assertions  regarding  the  consistency  of  our 
manipulations. 

Examination  of  (3.27)  reveals  the  striking  resemblance  of 
the  expansion  to  the  familiar  expansion  of  the  number  Fourier 
integral  expansion  and  thus  would  provide  a suitable  starting  point 
in  studying  departures  from  number  fields. 

It  would  appear  from  the  structure  of  our  basic  functions 
that  we  could  obtain  a similar  expression  equivalent  to 
(3.27)  with  the  roles  of  and  interchanged.  To  show  that 
such  is  the  ease  we  would  have  to  start  with  (3. 17)  instead  of  (3. 16) 


1 


32. 


and  avaluate  our  matrix  eloment*  in  a repreaentatioii  udth  lha  ^ 
diagonal.  In  placa  of  (3.19)  w«  will  have 


<1^* I i.,.  lit')  - 


SO  that 


30) 


u 


But  V can  also  be  written  as 


U )z">  lK’>X^,^,dVdV>.3„ 

upon  replacing  the  basic  functions  by  the  basic  funetione 

in  (3, 17).  If  we  introduce  (3.30)  in  (3.31)  we  obtain 

Again  recalling  our  convention  regarding  Z..*  , to  denote  into  • 
gration  or  summation  we  have  upon  using  the  integration  interpreta- 
tion of  2l^yx'k‘ 


33. 


in  much  the  same  manner  that  (3.27)  was  obtained.  Here  also  we 
must  point  out  that  is  an  operator  function  of  1C 

and  is  obtained  from  the  C number  (k'IUI  )C)  by  replacing 

by  ^}\!  and  by  iC  , We  should  also  note  that  although 

the  exponential  part  in  the  integrand  of  (3.  27)  appears  on  the  right 
the  exponential  part  of  the  integrand  of  (3.33)  appears  on  the  left 
hand  side.  This  is  so  because  the  do  not  commute  with  the 

, We  may  however  write  (3.  33)  with  the  exponent  on  the  right 
in  the  integrand  by  making  use  of 

- / Cp, i: n,' )j  (3.J4) 


so  that  we  have  also 


U = j(l  \ {]lz+n'  > d*  ?l' . 


(3.35) 


Similarly,  by  making  use  of  (2.39),  (3.  27)  may  be  written  as 

d*k' 


34. 


The  expxeeeione  (3.35),  (3.33),  (3.27)  end  (3.36)  ere  quite 
fenerel  end  ere  independent  of  whether  (J  ie  e eolution  of  the 
lineer  operetor  equetion  (3, 12)  or  not.  Aeide  from  this,  the  work 
thet  we  heve  done  in  this  section  indicetes  in  e simple  menner  the 
role  played  by  the  metrix  elements  of  ^ setisfying  (3. 12e)  as 
being  essentially  of  the  nature  of  Fourier  coefficients  which  in 
general  however  are  operator  functions  of  or  10  depending 
upon  whether  the  expansion  (3.27)  and  (3.36)  or  (3.33)  or  (3.35) 
is  used. 

11.  The  Operator  Equation  AS-SB=0 

It  is  of  interest  in  connection  with  our  work  on  operator 
equations  to  give  consideration  to  the  operator  equation 


AS  - S B = o. 


(3.37) 


If  S possesses  an  inverse  S then  (3.47)  can  be  said  to  arise 
from  a similarity  transfo rotation 


A*SBS" 


(3.38) 


ao  that  the  solution  of  (3. 37)  for  the  operator  can  be  connected 
with  the  problem  of  finding  the  operator  3 which  defines  a 


35. 


•imiUrity  trantforma^on  if  tha  original  operator  ^ and  the  opera- 
tor A reaulting  from  auch  a traneformation  are  knovm.  More- 
over,  if  the  operator  S ia  unitaryi  S * S , then  (3.38)  ia  a 
unitary  traneformation.  and  the  problem  ia  equivalent  to  finding  the 
unitary  operator  S if  the  operator  B and  the  operator  ^ 
reaulting  from  the  unitary  traneformation  are  given  explicitly. 

If  we  reatriet  ouraelvea  to  the  caae  with  the  operatora  A 
and  3 functiona  of  the  operatora  and  y2^^aati af ying  the 
commutation  relationahipa  given  by  (1. 1)  we  have  from  (3. 12a) 
the  equivalent  partial  differential  eq\iation  for  the  matrix  elementa 
of  S in  a repreaentation  with  the^  diagonal 

[/\  ^ ''Cp'  *<  J Cp' ! S l.p“> = o.  (3. 3w 

(3.39)  ia  aeparable  in  the  aeta  of  variablea  and  ^ * ao  that 
we  could  aaaume  a aolution  for  the  matrix  elementa  of  <5  to  be 
of  die  form 


\jp") « P'Cp'} 


(3.40) 


P U. 


p". 


where  aa  indicated  JT  i«  • function  of  jO*  alone  and  JT  a func- 
tion  of  alone.  Conaequently»  (3. 39)  ia  equivalent  to  the  two 
partial  differential  equationa 


36, 


<3.4i) 


and 


<3.42) 


for  th«  function*  and  P refpectively.  A i«  a C~  number 
which  we  can  now  use  to  label  the  P'5  . The  general  solution  of 
(3. 39)  is 


<f'l5lf>./aa')p;  p;dA 


(3.43) 


where  (A) is  an  arbitrary  function  of  A.  . It  would  appear 
then  that  there  exists  an  infinite  number  of  operators  S satisfy- 
ing (3.37). 


Example;  - 

As  an  example  let  us  consider  the  operator  equation  (3. 37) 

with 


(3.44) 


(3.39)  becomes 


37. 


Consequently, 


<^'l  S I ^")^f  (f", -P- ^ ,j.«) 

where  ^ is  an  arbitrary  function  of  the  indicated  arguments  and 
the  summation  convention  is  being  used  in  the  exponential.  For 
simplicity  we  may  choose  this  arbitrary  function  to  be  (2lfT  so 
that  denoting  S corresponding  to  this  choice  by  > (3.46) 


becomes 


Now 


(^'/s  i/>  = G7rr 


Hence 


I s J > * W'/e  e ‘ c/ y 


(3.49) 


38, 


which  impU#*  thit 


(3.50» 


Similarly  we  may  ahow  that 


(3,51) 


But  if  we  interchange  the  r<ilei  played  by  A and  O in  (3.37) 

we  obtain  asauming  that  S poaaeaaea  fth  ihverae  S ' , (3,45) 

with  the  primed  and  twice  pHmed  expreaaioni  interchanged  and 
« , 

1 replaced  by  * I ao  that  wb  can  write 


Comparing  with  (3.47)  and  (3.48)  we  conelnde 


S:'  = s ; 5 


o J 


(3.54) 


ao  that  in  view  of  (3.50)  and  (3;  51)  the  operator  >^q  ia  unitary. 
Hence  we  may  write 


39. 


But  from  (1.14).  (3.47)  and  (3.48)  the  above  may  be  written  ae 


whieh  impliei 


(3.56) 


•o  that 


40. 


s.  iV  s.-' 


13.57) 


>« 


If  in  (3.44)  we  replace  by  c<  and  proceed  in  the 

•ame  manner  we  find  that  (3. 47)  becomes 


/ 

N 


<f'isjf>--(zir^re^y'^i’y/^. 


Moreover,  we  may  show  that  ^S.^  i*  unitary.  Consequently. 


(3.58) 


o< 


5 


-/ 


oC  > 


(3.59) 


and  similarly  to  (3, 57). 


jp 

^/\A,  0<.  f/^  ' 


(3.60) 


In  a straightforward  manner  we  may  also  show  that  the  matrix 
elsmenta  of  are 


(j.«i 


•o  that  tha  square  of  the  unitary  operator  has  the  same  matrix 

c -i 

elements  as  the  reflection  operator.  We  may  also  show  the 


anticommutes  with 


12.  Symbolic  Formalism.  Transformation  Operator. 

If  A and  B are  operators  the  transformation  Operator 
1(A,B)  is  defined  by 


(/\B)X5  AXB, 


(3.62) 


where  A is  another  operator.  Now 


B)X  ^mB)/lXB--T(A:  6^)X 


0.63) 


(3.63)  suggests 


T"(AB)T''(A  B)  <3.64, 


for  positive  iitteger  and  XI/  . Moreover,  if  A and  0 
possess  inverses  A ^ and  B ^ respectively  we  may  consider 

(3,64)  to  hold  for  ??l>  and  X2/  any  positive  or  negative  integers. 


42. 


If  /A  . B . C . AAd  ar«  optrafior*.  then  the  product 
of  the  two  traneformation  operatora  T(A,6)  and  T(C,P)  acting 
on  an  operator  X i* 

T(A,B)T(C,]?)X-mB)CXI) 

= /KXDB 


=TMC^D6)X 


(3.65) 


Consequently. 


T(A,B)T(C,P)=T(AC,PB).  <3.6m 

If  we  have  a third  transformation  operator  T(E,F)  we  have 

T(A,B)(T(C,P)T(E,F)). 

T ( A,  6)T  ( C E,  FP) » T(A  C FD  B).  ,3,6t, 


But 


43 


(t(/\,6)T(c,p))t(£/;- 

T(AC,P6)T(E,F)=T(/ACE^  FD6)^  u.*., 


which  is  the  same  as  the  right  hand  side  of  (3*  ^7).  Thus  the  trans« 
formation  operators  satisfy  the  associative  law  of  multiplication. 

In  general  T(A,B)  does  not  commute  with  T(C,P} 
unless  £A,ChO:  W,VJ^o  , No  simple  addition  laws 
seem  to  exist  for  the  Sum  of  two  transformation  operators.  How* 
ever,  we  may  note 

T(AtB,C+]»-T(A,C)+T(A,D>T(B,C)+T(6,D).  o, 


691 


Now  if  and  b are  any  two  operators  at  least  one  of 
which  possesses  an  inverse,  say  CL  , we  have  from  a formal 
identity  due  to  Feynman 


• * (3.70) 


If  we  replace  CL  and  b by  T(/\  ^ 6)  and  T(C,D3  respec- 


tively (3.70)  becomes 


[T(A,B)+T(C,D)]-'  = 

T-'  (A,  B)-T-'(A,  B)T(C,]))T-'  (A,  B) 

(A,B)T(C,  P)T'(A,B)T(C,P)T''  (A,S).  <3.7., 


Upon  mnkittg  use  of  (3, 66)  mud  assuming  that  ( (/\  ^ possesses 
the  inverse  , (3.71)  may  be  written  as 

[T(A, B)+T(C, T»]-'  =T(A-;  g-'XKA-'C/i-;  B'’  dd'O 


tT(A-'CA''CA';B''PB-’]>B-')-  --  . 


(3.73) 


(3.7Z)  may  be  used  to  effect  a formal  solution  of  the  operator 
equation 

AUB"^’  C U D 

for  the  unknown  operator  U . since  (3.73)  can  be  written  as 

rT(A,B)+T(C,X>)jU  = E, 


so  that 


U = [T(A,6)+T(C,T»r'E 
+ (A-'CA''CA-'£B-'PB''T>B-')-  - . 


•o  obtained  i»  claarly  not  the  general  aolution  of  (3.73), 


To  obtain  the  general  solution  we  need  to  add  the  solution  of  the 


homogeneous  equation  A U B+CUP-o  .The  usefulness  of  this 


method  of  course  will  depend  upon  whether  the  series  (3.75)  con* 


verges  or  not. 
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IV.  AN  AVERAGING  PROCESS  DEFINED  FOR  OPERATOR  FIELDS 
13.  Yukawm  Variables 

If  we  consider  the  matrix  elements  of  an  operator  U in  a 
representation  with  X diagonal,  say^l^'  i (J  ) , we  note  that 

they  depend  upon  eight  sets  of  numbers  comprising  the  four  space- 
time  components  oi  JC  ^ and  . Without  any  loss  of  generality 

we  might  consider  I U \ Z‘*y  to  be  a function  of  and 

where 


X'^  ^ 

rr-  a 


(4.1) 


SO  that 


(K'/U|ii^>=<X^irlUtX-TK>  = U(X,r)  ,4.2, 


X-^  and  will  be  referred  to  as  Yukawa  variables.  In  the  present 
stage  of  develoimieat  X^  is  identified  to  be  the  center  of  mass  coordi  - 
nate  and  rA  and  coordinate  referring  to  the  internal  structure  of  the 
field  specified  by  U(X,r).'«  For  the  present  we  shall  not  attempt 


to  give  a physical  interpretation  to  these  Yukawa  variables  but  shall 
be  simply  content  to  study  some  mathematical  consequences. 


47, 


14.  Lool  >nd  Non»Lool  Fields 

A field  or  function  U ie  enid.  by  definition,  to  be  a local  field 
or  function  if  it  aatiafies  the  commutation  relationship 
otherwise  the  field  or  function  is  non*local.  From  this  definition  it 
is  apparent  that  if  (J  contains  the  displacement  operator  as 
well  as  the  space -time  operators  it  will  in  general  not  commute 
with  the  because  of  (1.1)  so  that  our  operator  functions  are 
non-local  functions.  We  note  that  if  is  a local  function 


(4.3) 


If  we  express  (4;  3)  in  terms  of  the  Yukawa  variables  defined  by  (4. 1) 
we  obtain 


NVIU,U’>=U,(X)<^(r), 


(4.4) 


Consequently. 


(4»5) 


(4. 5)  suggests  an  averaging  process  for  operator  functions  which  have 
the  property  that  under  the  averaging  process  the  average  of  a local 
function  (function  of  is  the  C-*  number  obtained  by  replacing 


48. 


by  the  Yukewa  variable  . In  the  next  section  we  ehall 

•tudy  eome  properties  of  this  averaging  process^ 


15,  The  Averaging  Proceee,  Moments,  Probability  Dietributione 

The  average  of  a non-local  function  U will  be  defined  to  be 
given  by 


0(x) 


U(X)  = /<X  + ^(UIX-/z>clV. 


(4.6) 


The  right  hand  side  of  (4.6)  reduces  to  (4,5)  for  local  functions.  In 
general  we  note  that  \J  \A)  is  a function  of  the  so-called  center  of 
mass  coordinate  of  the  operator  function  U . 

If  (J  can  be  expanded  in  terms  of  the  basic  functions 
described  in  (U-7)  we  have  from  (2,37)  with  0.  = / 


(4.7) 


for  our  basic  functions,  so  that 


whence, 


4^. 


but  since, 


U = Z , 


we  have  from  (4.6) 


u W-'  fz Tr (UX  ,, ,)(2Tr)-"e*'^^'^i (r4n.')J V 

J n'k'  ^ 


However, 


eo  that 


M^TrlUX^,.  )= 


{zKy^ji^'  I u \f")(f"\x^.i,,  i^)d“^'ci‘y"  - 
(2Tr/<^'iu  ,4. 


V- 


50. 


Consequently,  upon  introducing  (4. 13)  in  (4.11)  we  obtain 


JrUlr  f ' r 


14) 


which  from  (2.41)  and  the  properties  of  the 


functions  reduces  to 


0(x)= 


(4.15) 


upon  replacing  hY  f(  m:  (4. 15)  presents  a convenient 

^ fi/v\ 

expression  for  computing  U \A/  for  special  forms.  ^ 

We  will  now  show  that  if  U is  hermitian  then  UCX)  is 
real.  Now. 


- (u  (Xf. 


Hence,  if  U“  U . (hermiticity),  U(X)  is  real. 
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The  average  of  U will  be  real  if  U i*  hermitian  and  ie 
Obtained  by  replacing  U in  <4. 1 5)  by  U to  obtain 


(4.17) 


averaging  process  defined  in  this  section.  Now  from  the  theory 
of  statistics  we  can  state  that  if  the  moments  relative  to  a certain 
averaging  process  are  known  then  the  probability  distribution  can 
he  ascertained  in  the  following  manner.  Let  us  define 


Mk,u):e 


itO 


(4.18) 


to  be  the  characteristic  function  of  U relative  to  our  averaging 
process,  The  probability  distribution  of  U is 


P(U)- 


-hOO 


nr 


M(<u)di. 


'-.GO 


(4.19) 


In  ordsr  that  (4. 19)  be  satisfactory  we  must  show  that  the  moments 
implied  by  (4. 19)  are  the  same  as  those  given  by  (4. 17); 

^“U"P(y)c)y  = ir  (X).  ,4. 

/-oa 
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Upon  putting  (4. 18)  in  (4.20)  and  using  (4. 15)  with  U replaced  by 
O we  obtain 


y"P(y)dy 


iir 


21) 


/-oo  /.oo 


But, 


.vPu"e-‘*-cj  u d y 


'»O0 


f~oo 


n 


(4.22) 


where  i(-t)  is  a one  dimensional  Dirac  function.  Consequently, 
(4. 21)  becomes 


'>00 


->dO 


U"P(y)d  u = 


>00 


4-00 


fe!6‘*y- sam'd-i,  ,4.«, 


Upon  integrating  (4.23)  by  parts  ^ times  with  respect  to  and 
making  use  of  the  integral  property  of  the  S ~ function  we  obtain 
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(4.14) 


from  (4,17).  Thus  P(U)  potsetset  th«  property  envieioned,  namely, 
that  etated  in  (4.20),  It  muet  be  emphasised  that  knowledge  of  P(U) 

is  not  equivalent  to  the  knowledge  of  the  operator  (J  . 

^ / 

Another  equivalent  form  for  U V may  be  obtained  by  intro- 
ducing the  reflection  operator  s:^R  , (3.61)  with  matrix  elements 


<f'IR  l^')  = i i-f'-t-f"). 

We  will  show  that 

G(X)=/6Tr 


Now, 

/^TrURe 


X 


dy'cjydtp' 
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Th«  ftbovt  cott8«queatly  vtrifitt  (4.26)  to  that  (4. 15)  aad  (4.6)  may 
Iw  written  at  (4.26),  Our  al^lity  to  write  at  a trace  indicatee 

that  u(x)  ie  independent  el  the  repreeentatioi^fjthe  o^ratore 
X and  ^ . Moreover,  we  may  state  that  SUS-'=U  if 
S eommut.,  with  ^ in  (4.26). 


0(x) 


)6.  U VAy  foy  Special  Forme 

In  this  section  we  will  calculate  U lor  various  forme 
ipqkiag  use  ol  (4,15).  II  we  replace  (J  in  (4.15)  by 
we  may  readily  show  that 


k^x.^ 


(4.27) 


and  in  a similar  fashion  we  can  show  that 


(4,28) 


(4.27)  and  (4,28)  enables  one  to  compute  expressions  ol  type 


•‘V*-' j (jp:>  by 

simply  differentiating  both  sides  of  (4,27)  and  (4,28)  partially  with 
respect  to  and  then  setting  the  k, 

equal  to  sero.  For  example 
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To  compute  it  ie  easier  to  appeal  to  (4.6), 


Straightforward  calculation  yields 


In  a eimilar  fashion 


^(z)6 


ic^. 


(X-  Vk). 


(4.30)  and  (4.31)  are  useful  for  calculating  expressions  cf  type 

r..p.c- 

tively.  This  is  effected  by  differentiating  both  sides  of  (4, 30)  and 

(4.31)  with  respect  to  and  then  setting  the 

O equal  to  zero. 

A-  A S ^(X), 
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follows  from  the  above  preeeii^9;i^^^^^ 

Let  ue  new  consider  . From  (4. 26)  we  may 


write 


which  becomes  upon  using  the  cyclic  property  of  the  trace 


e"-^U  - /6Tr  . 


(4.34) 


Consequently. 


(4.35) 


(4. 35)  has  the  same  basic  structure  as  (4. 30)  so  that  proceeding  in 
the  same  manner  as  we  did  to  obtain  (4. 32)  we  obtain 


The  second  equation  of  (4.36)  follows  in  a similar  fashion  by  noting 
that 


= /6Tr 


/s 


= ty(X-9i). 


General  expression#  for  (J  and  it 

of  the  type  (4. 36)  when  the  replaced  by  the  do  not 

seem  to  exist.  However,  we  may  obtain  some  useful  expressions 
in  the  following  manner.  From  <4.  Z6)  we  may  write 

- /6  Tr 


37) 


We  also  have 
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if  w«  recall  CZ)  r ^ (-^)  j.  ^ a 

^ {.X^j  '^-'k  ^ (2, 39),  the  propertiee  of  the  trace  and  comparieon 

with  (4.37).  (4.38)  eetabliehee  the  identity 


\J  -i- zTl)  - 2 X'^  U , 


(4.39) 


ae  we  eee  upon  differentiating  both  eidee  of  (4. 38)  partially  with 
reepect  to  and  then  eetting  the  A equal  to  zero.  Further 

partial  differentiatione  with  reepect  to  and  aubsequent  evalua* 

tion  with  the  ^ zero  lead  to  identities  of  type  similar  to  (4.39). 
If  in  (4,39)  U is  replaced  by  U "h  LI  - U J ^ 

we  obtain 


(4.40) 


M 


Now  if  in  (4, 38)  we  replace  U by  ^ ^ U and 

then  replace  the  ^ ^5  by  their  negatives  we  obtain 


(4.41) 


Upon  differentiating  both  sidee  of  (4.41)  partially  with  respect  to 
setting  equal  to  aero  we  obtain 

U « X^  U + [jx^,  U J_  . (4.4*) 
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Up6n  using  (4.42)  in  conjunction  with  (4«39)  we  may  alto  write 


^X'"U-/zU'-,UL  . 


Proceeding  further  in  this  manner  we  may  establieh  relationships 


between  U and  the  contmutators  of  the 


with  the  U and  similarly  for  U ^ * 

Before  going  on  to  the  next  section  let  us  examine  a conse- 
quence of  the  second  line  of  (4.38)  with  > - >2  X'^  on 

the  left  side 


ue‘5-*  (-)^)  = 

/4  Tr 


It  will  be  noticed  that  (4.44)  contains  aside  from  a normalization 
factor  the  adjoint  basic  functions  defined  by  (2.37)  if  we  replace 
by  X'"  and  set  O.'^O,  Consequently,  (4.44)  may  be 
written  as 


U . 2'*(z Tr)  Tr  U R X, 


(4.45) 
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But  TrURX  it  the  repreeentfttlve  of  the  eecend  kind  of 
relative  to  the  eet  of  baeic  functions  ^ eo  that  from  (2. 2) 
with  the  U*S  replaced  by  the  X , 

UR-  ff  d*'l?  ,4.46, 

which  becomes  upon  noting  that  ^ ' f j 

,4.47, 


(4. 47)  implies  that  knowledge  of  implies  knowl< 

edge  of  the  operator  (J  . 


17.  The  Probability  Distribution  of  Operators  Relative  to  the 
Averaging  Process 

It  is  of  some  interest  to  carry  out  the  averaging  process  of 
(IV-15)  for  operators  whose  properties  are  well  known.  In  par> 
ticular  it  will  be  instructive  to  consider  those  operators  for  which 
it  would  be  possible  to  obtain  closed  expressions  for  their  probability 
distributions  under  the  averaging  process.  Amongst  such  operators 
are  included  any  local  function  of  the  space -time  operators  and  any 
non-local  function  of  the  displacement  operators  only.  In  the  former 
ease  we  must  conclude  from  (4. 30)  with  C ~ O , that  the  moments 
,f  [g  (z)]"^  are  equal  to 


which  implies  from 


61. 


(4.18)  that  it))  u aqual  to  JUp  (X)  which  telU 

ut  accordiag  to  (4. 19)  that 


P(^(z))  * ^(^U)  - 


(4.48) 


la  the  latter  caie  for  non 'local  functions  of  the  displacement  oper- 
ators alone,  say  ^ i-^)  , we  conclude  from  (4,27)  with  A - O , 
and  (4. 18)  in  conjunction  with  (4. 19)  that 


P(/  i-f))  = J (jif)  -/  (o)}. 


(4.49) 


(4.48)  implies  that  measurements  of  a local  function  lead  to  one  and 
only  one  value indeed  we  might  make  an  association  of  our 
averaging  process  with  anything  corresponding  to  physical  reality 
in  this  stage  of  the  development.  The  implications  of  (4.49)  are 
also  similar  but  we  observe  that  for  this  case  the  distribution  of 
^ (-^)  centers  about  j-  (o)  which  is  devoid  of  reference  to  the  dis- 


placement operator.  This  is  to  be  contrasted  vrith  the  results  of 

(4. 48)  where  the  distribution  of  ^ (Z) 


centars  about  ^ a)  which 
depends  upon  our  external  Yukawa  variable 


These  results  which  are  direct  consequences  of  our  averaging 


process  for  the  extreme  cases  of  a local  function  and  a non-local 
function  which  depends  solely  upon  the  displacement  operators  are  to 
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a certain  extent  plausible.  Let  ue  now  consider  what  happens  when 
we  treat  the  non*local  function  defined  by 


L-3 


(4. 50) 


as  we  see  upon  applying  (4. 36)  and  (4, 42).  If  we  apply  (4. 36)  to 
the  last  two  terms  of  (4^51)  we  finally  obtain 


(4.52) 


Consequently, 


Now  from  <4. 52)  we  see  that  if 


U=/.  L =o. 

s 


Moreover, 
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if  we  put  therein  end  meke  uee  of  the  well  known  relatione 

= <«•* 

and  recall  that  ^ and  X>^  are  respectively  equal  to  and 

)(^  from  (4,5),  we  may  verify  that  " *Z  for  we  then  have 


L‘-+W 


The  fact  that  ie  non -positive  indicates  that  the  averaging 

process  as  developed  above  is  not  a good  one.  We  shall,  however, 
investigate  the  averaging  process  further. 

It  is  well  known  that  the  spectra  of  an  operator  is  invariant 
under  a unitary  transformation.  The  question  arises  as  to  what 
changes  are  brought  about  on  the  probability  distribution  of  an  oper- 
ator relative  to  our  averaging  process  if  it  is  subject  to  a unitary 
transformation.  A further  inquiry  might  be  made  as  to  the  condi- 
tion that  the  probability  distribution  be  unaltered.  Let  us  give  our 
attention  to  any  operator  U . Now  if  iS  is  a unitary  operator 
S--S-'  , then  from  (4. 26) 


5US-'  .)4,Tr  5 U $ - ' R 


(4.56) 
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•o  that  it  is  at  onca  apparent  ^t  the  probability  distribution  of  U 
is  indeed  subject  to  change  and  that  it  will  be  invariant  if  S com- 
mutes with  U or  with  R ^ If  we  assume  that  the 

unitary  operator  3 written  as 


s 


(4.57) 


where  ^ is  hermitian,  we  may  state  that  the  probability  distribu- 
tion of  U is  invariant  if  ^ commutes  with  U or  with 
. Let  us  investigate  the  latter  possibility. 


or 


(4.58) 


implies  upon  taking  the  adjoint  and  recalling  that 


- <?,  K, 


v> 


(4.59) 


(4.59)  is  consistent  with  (4.58)  since  ^ R . 

Now  since  R ^ / , (4. 58)  or  (4.59)  implies 


(4.60) 
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This  lattar  equation  telle  ue  that 


etnce 


anti  commutes  with 


R . (4. 


61)  yields  equivalently 


R 


which  tells  us  that  the  probability  distribution  of  U will  be  in> 
variant  if 


R^(tjj>)R’=^qCx+Xj-p\  or 

+ (4.6 

Irom  the  proporty  of  the  roflectioa  operator  R end  (3.34).  (4.63) 
can  be  satisfied  if  ^ is  an  even  function  of  the  ^ ^5  only.  This 
result  is  quite  general  so  that  we  can  state  that  for  any  operator 
u,u  and  consequently  the  probability  distribution  of  U will  be 
the  same  for  the  operator  JL^  ^ j 

where  is  an  even  function  of  the  jp  ’5  . 

We  shall  now  undertake  to  investigate  the  second  possibility 
for  the  invariance  of  the  probability  distribution  of  any  operator 
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For  this  COM  we  mutt  have 


<4.64) 


•o  that  ^ will  depend  upon  the  operator  (J  under  consideration. 
To  effect  a solution  of  (4.64)  we  could  appeal  to  the  work  of  Part  III 
section  11.  However,  we  may  effect  a solution  by  inspection  by 
noting  that  the  hermitian  expression. 


j-Za(u')iu'XU'i, 


(4.65) 


where  the  0^  are  real  and  | ij  ^ U ' I are  the  eigen -kets  and 
eigen-bras  corresponding  to  our  operator  U , satisfies  (4«  64). 
The  operators  lU'XU'l  form  a mutxially  commuting  system. 

(4. 65)  may  be  written  as 


(4.66) 


where 


= lU'XU'l. 


(4.67) 


We  note  that  each 


of  the  ^ ^ 


5 satisfies 


67. 


(4.68) 


where  /L  is  any  integ«i‘*  This  is  due  to  the  property:  K U '!U">  - 
^u'  U*'  satisfied  by  our  eigen-bras  and  ketSt  (4.68)  enables 

us  to  write 


« I + (e 


t o.(u') 


(4.69) 


Consequently, 


5 5 


(4.70) 


as  we  see  upon  using  (4,68)  again.  Now  if  O is  any  operator  we 
may  readily  show  tltat 


68. 


In  general 


“ Cos  a(U'9^Cos((^(u9-a(U‘))][|^./3,,„,^^^ 

[5U.(fl. (U')-(i(iJ'*^-5iy^-d(U*)-h Sir^.a (U")]^^. . (4.72) 


ft 


(4,72)  would  enable  ue  to  compute  the  change  of  /A  brought  about 
by  a unitary  transformation  which  renders  U and  consequently 
the  probability  distribution  of  U invariant.  The  first  type  of 
transformation  exemplified  by  the  unitary  operator  f-p) 

leaves  all  ^ invariant  so  that  only  the  second  case  with  our  uni- 
tary operator  given  by  (4.70)  is  of  importance  in  ascertaining 


changes  in  the  probability  distribution  of  operators  induced  by  uni  - 
tary  transformations  which  render  (J  invariant. 


18,  Examination  of  Results 

The  results  that  we  have  obtained  particularly  that  one  which 
pertains  to  the  non-positive  nature  of  where  L is  given  by 
(4,50)  does  not  appear  to  be  reasonable.  This  leads  us  to  venture 
the  statement  that  the  averaging  process  is  perhaps  incorrect. 

Prom  (4*  26)  the  density  operator  function  is 


I 
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I’  h/4 


(4.73) 


and  our  results  are  intimately  related  to  this  identification. 

Nou'  there  exists  a striking  analogy  between  our  averaging 
process  and  the  averaging  process  which  is  used  in  Quantum 
Statistics^ where 

fq  ’ <’'1^'  I H.’*) 

J yyi' 

and 


Z P'  = 1 . 

>n'  ^ 

If  we  introduce  <4;  74)  in  (4. 18)  and  (4.19)  with  the  operator  U 
replaced  by  ^ (J  we  obtain  upon  using  (4. 70) 


(4,75) 


(4.76) 


a very  reasonable  result,  which  may  be  interpreted  to  mean  that 
measureinents  ^ ^ ^**4  to  any  one  of  the  eigen -values  of  • 
namely,  the  Ptt)  ' . The  introduction  of  (4,73)  into  (4, 18)  and  (4. 19), 
however,  leads  to  divergent  results  since  the  trace  of  any  even 
power  of  ^ is  infinite.  It  is  believed  that  our  averaging  process 


70. 


•hould  po>M88  the  8ame  kind  of  con8i8tency  »8  that  exhibited  by  the 
dfneity  operator  defined  in  (4.74)  eo  that  if  we  accept  thia 
teet  for  consietency  we  must  conclude  that  ^ given  by  (4. 74)  ie 
defective. 

Indeed,  it  may  not  be  amiee  to  redefine  our  averaging  process 
and  use  (4^74)  in  place  of  (4.73)  with  our  i denoting  an  arbitrary 
complete  set  of  basic  kets.  It  does  not  seem  that  one  would  be  able 


to  choose  such  a 


which  would  have  properties  similar  to  that 


exhibited  by  (4, 5).  If  such  were  the  case  our  formalism  would  make 
no  reference  to  the  Yukawa  variables  (4,1)  and  subsequent  averaging 
over  the  internal  variable  . The  averaging  process  seems  to  be 
inconsistent  with  the  notion  of  eigenvalues  of  operators  so  that  this 
may  be  cited  as  an  objection  to  the  averaging  formalism  in  the  present 
state  of  development  of  the  theory.  It  may  be  necessary  to  resort  to 
^e  given  by  (4.74)  with  denoting  the  probability  distribu* 

tion  of  the  which  could  stand  for  the  collection  of  Quantum  num- 
« bars  denoting  the  momenta  and  the  mass.  The  kets  can  be 

associated  with  the  basic  kets  of  a four  dimensional  harmonic 
oscillator,  for  example.  It  is  planned  to  pursue  this  line  of  thought 
further. 
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V.  VARIATION  PRINCIPLE  FOR  OPERATOR  FIELDS 
19.  Flrtt  Operator  Identity 

Let  us  consider  the  trace  Q>  of  an  operator  function  i. 
of  a set  of  operators  with  /\  » /,  2^  • » ' 


G = Tr  U(/a> 


<5.1) 


If  e*ch  of  the  is  subject  to  an  arbitrary  variation  ^ 

(operators  in  general)  the  first  variation  of  may  be  written  as 


(5.2) 


where  the  may  be  calculated  if  the  explicit  form  of  L 1* 

Specified.  Moreover,  in  (5.2)  we  are  using  the  summation  conven* 
tion  for  the  indices  A * Now  if  the  variation  *'!***  from  an 

erbitrary  infinitesimal  similarity  transformation;  u-^e^ue-3 


(5.5) 


(f  ^ is  an  arbitrary  infiniteelmal  operator.  In  (5.3)  we  have  denoted 
the  change  of  under  the  infinitesimal  similarity  transformation 

W replacing  a ^ J^A  ^ *** 


we  obtain  to  first  order 


1 


S,6.TrF'[j,^J.TrCf,,r*]g 


(5.4) 


But  G is  invariant  under  a similarity  transformation.  in 

(5.4)  denotes  the  "change"  of  G under  the  similarity  transformation. 
Consequently,  since  , and  since  ^ is  an  arbitrary 

infinitesimal  operator  we  must  conclude  that 


CfA  ^ o 


(5.5) 


The  above  equation  establishes  an  identity  (the  first  identity)  between 
the  coefficients  appearing  in  (5. 2)  and  the  , (5.5)  would 

enable  one  to  construct  identities  corresponding  to  any  function  of 
the  operator  , namely,  L '«>ult  is  quite  general 

and  we  will  have  occasion  to  use  it  in  later  developments. 


20.  Integration  of  Operators 

In  order  to  make  connection  with  certain  mathematical  opera- 
tions in  current  physical  theory  it  is  convenient  to  introduce  an 
operation  which  enablee  us  to  integrate  operators.  Such  a type  of 
integration  may  be  brought  about  by  introducing  a four -vector  space - 
time  number  into  our  definition  in  the  following  manner 


(S.4) 
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where  repreeente  »n  operator  and  dC  correeponde  to 

any  combination  of  the  product#  of  dc*-  and  d C 


For  example  let  ue  conelder  the  operator 


N 


defined  by 


Nrrj=/ cc> 

ycr  ^ ^ 


(5.7) 


where  (T~  ie  a apace >like  surface  in  the  C"  apace.  The  operator 
NCr-]  given  by  (5.7)  ia  in  general  a function  of  the  surface  Q~* 


so  that 


^cr(c)  ^ 


(5.8) 


where  the  left  hand  side  of  (5.8)  is  the  functional  derivative  of  N 3 . 
If  ~ O , then  N C <7"  j is  independent  of  CT*  , Thus, 

■]=o  provides  ue  with  a useful  criterion  for  the  inde- 
pendence of  surface  integrals  of  type  (5. 7>  upon  the  shape  of  our 
surface.  Furthermore,  this  example  indicates  that  our  definition  of 
Integration  enables  us  to  take  over  most  of  the  properties  of  integrals 
occurring  in  the  number  formalism* 


t4* 


21.  Infinitesimal  Number  Trantformations 

A covariant  vector  operator,  say  , is  an  operator 

which  transforms  like 


(5.9) 


under  the  C-*  number  transformation 


3 (o  (2»). 


(5.10) 


(S.9)  establishes  the  relationship  existing  between  the  ''components" 
of  our  covariant  vector  for  different  C'  number  coordinate  systems. 
In  general  a mixed  tensor  operator,  say  • • '»  transforms  like 


. (5.11) 


f '2. 


(5.  ll)  is  merely  the  conventional  definition  of  tensor  transformations. 
If  we  consider  the  transformation  (5.10)  to  he  an  infinitesimal 
number  transformation 


= oG^  + 


(5.12) 
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wh«re  ia  an  arbitrary  C~*  number  function  of  the  o then 

the  first  order  equations  corresponding  to  (5. 11)  become 


"•OA"  ‘0/^1'  ^>Px  .(5.13) 


However, 


/^;^^v.(oC)+S/^oT^'|';-::^  (s.u) 

to  first  order,  where  in  (5.13)  and  (5. 14)  we  are  using  ( )^^  to 
denote  partial  differentiation  with  respect  to  o C^.  The  first  varia> 

-yof,  <Kj..  , 

tion  of  the  tensor  f /6^  l^x  ‘ ‘ '^hich  arises  from  an  infinitesimal  de> 
formation  of  our  C"  number  coordinate  mesh  system  is  defined  to  be 

-o'rA  ■"  5>A  ' JpA 

A i®i'  ■ ^ 0 


(5.15) 
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a«  we  eee  upon  introducing  (5. 14)  in  (5. 13)  and  redefining  our  dtunmy 

^ r t ‘ ' 

indices.  It  is  not  difficult  to  show  that  ‘ 

j/- 


if  is  a vector.  Indeed  (5.15)  may  be  written  as 


where  ( denotes  covariant  differentiation  defined  with  respect 


to 


a set.  a l^gr  , of 


, oi  Christofel  symbols.  We  observe  that  this 
set  is  quite  arbitrary  and  may  he  calculated  using  any  metric  tensor. 
Generally  the  set  O can  correspond  to  any  linear  connection. 

Now  if  ^ is,  /5,' " * mixed  tensor  of  weight  one  (tensor 

density)  the  transformation  equations  will  be  similar  to  (5.11)  with 
the  exception  of  a factor  on  the  right  hand  side  which  is  the  Jacobian 
of  the  transformation  (5.10).  For  an  infinitesimal  transformation 
(5. 12)  the  Jacobian  J(VoC)  or  J(-yC  ) works  out  to  be  up  to 
the  first  order 


T(9^c}*  i + , 


(5.17) 
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Proceeding  in  e fnehion  similar  to  that  which  lead  to  (5/15)  after 
noting  that  the  transformation  (6.11)  is  multiplied  by  1(°^) 
on  the  right  hand  side  we  obtain 


(5.18) 


for  the  change  of  our  tensor  density  of  weight  one  corresponding  to 
an  infinitesimal  deformation  of  our  C—  number  mesh  system. 

Examination  of  (5.15)  and  (5. 18)  shows  that  we  may  write 


and 


-Tg  - , (5.20) 


Ao<,oC^.  - 'N 

In  (5. 19)  and  (5.20)  we  have  replaced  the  collection  of  indices  \(3, 
by  capital  letters  as  indicated.  The  bJ>3  appearing  in  the  last  two 
equations  are  constants  which  may  be  calculated  for  any  collection 


of  indices. 
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22.  Steond,  Third  >nd  Fourth  Operator 


Let  ue  consider  a Lagrangian  density  function  k of  a 

set  of  operators  . If  we  subject  the  to  a variation 


then 


(5.21) 


where  and  are  operators  in  general.  These  latter  quan- 

tities can  be  calculated  if  the  form  of  L ^ given.  Here  again 
the  capital  letters  refers  to  collection  of  indices  and  the  summation 
convention  is  wed. 

Now,  if  L can  be  expressed  as  a sum  of  polynomial  func- 
tions  of  the  operators  we  have  upon  noting  that  for  any  operator  P* 


while 


ifA,  1^--  /a^  = (^/a,  ) ' • /a/  /a,  ' ■ ' 


that* 


*See  (5.39)  for  more  general  argument  and  a simpler  and  more  useful 
version. 


I 


rr,L].F}[r,/jc’ 
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(5.2U) 


(9.21ft)  will  bft  rftfftrrftd  to  fts  th«  ittoiid  tdftatity. 

If  wft  introduce  L in  pUee  of  L in  (5.1)  we  eenelude  liy 
compftrieon  with  (S.2)  ftnd  (5,  5)  upon  tt#inf  the  cyclic  property  ef  the 
trece  thet  the  firet  identity  tehee  on  the  form 


[/A^G«r§j  = 0, 


(5.22) 


in  ^rme  of  the  F fi  end  (9  ^ eppeering  in  (5. 21).  (5. 22)  ie  en  iden- 
tity end  doee  not  depend  upon  eny  perticulftr  physieel  interpretfttion. 
Now  let  ue  coneider  the  inverient 


(5.23) 


yrhere  we  heve  denoted  by  oL  (o  c)  the  expreeeion 

L (o  c) = L (f^ 

(5.24) 

= L (oC))  ^ 


where  quentitiee  with  eymbol  o ( ) denote  the  Lorents  (flet  epece) 


80. 


compoMtttt.  (5.23)  in  conjunction  with  (5.24)  la  an  axampla  ol  inte- 
gration of  operators  as  exemplified  by  (5.6).  Now  if  we  take  the 
first  variation  of  (5,23)  we  have  upon  using  (5.21),  where 
is  obtained  from  o UoC)  via  (5.10). 


ir=/iL(c)d“c, 


Fe  (c)i-^A  (c)  G®(c)  d^C,  (5.25) 


If  our  variations  are  due  to  an  arbitrary  variation  of  our  number 
mesh  system,  then  according  to  (5. 18) 


(5.26) 


which  may  be  transformed  into  a surface  integral 


oL  (oC)S'^d^  ioC). 


(5.27) 


Consequently,  if  the  arbitrary  C"  numbers  appearing  in  (5.12) 
are  chosen  such  as  to  vanish  on  the  surface  CT'  then  \ ~ C)  , 

This  corresponds  to  the  circumstance  that  our  C''  number  mesh  system 
is  chosen  to  be  subject  to  infinitesimal  deformationa  within  the  surface 
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(T"  bounding  V and  vanishing  on  the  surface. 

But  the  second  equation  of  (5.25)  in  coi^unction  with  (5.19) 
with  Ta-,/a  , implies  that 

I » 

-/ . r§  (oC)  C (o  c)o G " (oC) 

+ eFs  (°C)  o^A  (°0  (*'Mi 

The  above  may  be  written  as 

;>nl  = 

J ( f„Fg  (oC)o^c  ux  c)J^^- 

oF^  (oC)  c/a(oC]^  o G%c)}  5 c)  ^ c 

[Wa'?  <,Fe(<>c)„^c(o<^)oG%C^]S‘^c)(^(oC).  (5.^9l 

Now  if  our  arbitrary  infinitesimal  deformation  is  chosen  to  vanish  on 
tike  boundary  ^ bounding  V then  (5. 27)  shows  that  Sry\  ^ * O . 
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which  would  Imply  in  view  of  -(5.29)  that  only  the  volume  integral 

would  survive  which  in  turn  would  have  to  vanieh  on  account  of  the 

c V- 

arbitrariness  of  the  deformation  vector  3 within  the  volume. 

We  conclude,  coneequently,  that 

[0  FiU)  ojc  (oC) . G ®(o  c)l^ 

-■S'fg(oC)ojA(t>C),^‘’G^(oC)=  0,  <S.30| 

(5.  )0)  is  an  identity.  But  all  of  the  symbols  in  (5. 30)  which  involve 
(oC)  are  obtained  via  unitary  transformations  of  the  type  (5^24)« 
Consequently,  (5.30)  may  be  written  as  (the  third  identity), 

G®hO.  (5.31) 

Again  we  emphasise  that  (5. 31}  is  an  identity.  (5. 31)  and  (5. 22)  are 
the  principal  identities  of  this  piece  of  work  and  have  as  yet  nothing 
whsdsoever  te  do  with  physics.  We  shall  presently  make  contact  with 
(diysies  after  considering  an  example. 

Let  us  consider  the  operator 

L 

where  and  B . 


are  respectively  contravariant  and  covariant 
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vectors  while  C is  a scalar  density. 

H = ( i A^) C ) C (SC). 

If  the  variations  are  of  the  type  given  by  (5.  IS)  md  (5. 18)  then  the 
above  may  be  written  as 

so  that  in  the  volume  integral  of  SL  (compare  with  5. 29)  has  for 

C I/* 

the  coefficient  of  ^ sero,  which  we  wished  to  show.  To  illustrate 
(5. 22)  we  have  on  comparison  with  (5. 2)  and  (5. 5)  to  show  that 

f , c rc , A-“ . o. 
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Evaluation  of  the  eommutatora  show  that  such  ia  indeed  the  case, 
fheee  examples  should  give  us  confidence  regarding  the  general 
results  obtained,  namely  those  summarised  in  (5.31)  and  (5.22). 

As  a summary  we  have  from  (5.22),  (5.21a)  and  (5.31)  the 
first,  second,  and  third  identities  given  by 

[fA,G»F{]5o, 

[r,Lj-=FS  [rjAlG! 

i FS  G“)  -■  FS  G‘3 

respectively,  where  I is  any  operator  and  F'g,  and  O^are 
defined  through  (5.21) 


5L 

and  further  where  the  OJ  '3  are  defined  by  (5. 19) 


(5.33) 


(5.34) 


(5. 34)  shows  that 


appearing  in  the  third 
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•<|uatioA  of  (5,41)  is  msrsly  the  coeffieisat 


of  -j 


^ Si. 

in  ^ L givon 


by  (5. 53)  if  the  veriatione  arise  simply  from  an  infinitesimal  C** 
number  transformation  given  by  (5. 12),  namely 


Sc  ^ ^ 


iT 

yx  • 


(5.35) 


Upon  combining  the  second  and  third  identities  of  (5,32)  with 


replaced  by  , we  conclude  that 


‘ U = O.  ,s.«, 


These  identities  especially  those  obtained  using  the  trans- 
formation propertiss  of  tensors  are  useful.  However,  we  bad  to 
appeal  to  our  integration  formalism  and  there  may  be  simpler  ways  to 
obtain  the  results  independently  of  any  reference  to  our  integration 
formalism.  The  first  expression  of  (5. 32)  is  quite  general,  the 
Second  expression  can  be  put  in  a more  useful  form  by  noting  that 


^Tr  rL  = Tr(r,5L+  LiD, 


(5.37) 


which  from  (5.21)  and  cyclic  property  of  the  trace  may  be  written  as 


ST^rL  = Tr(ur+G®rF^^//^)^  (s.: 


•0  that  conclud«  upon  eompnriion  with  th«  work  which  U4  to  (§.22) 
that  (th«  fourth  identity) 


[r,L]=--[fA,G«rr^3l 

for  any  operator  P . This  result  is  independent  of  the  customary 
consideration  regarding  the  invariance  properties  of  L and  could 
be  made  the  starting  point  for  construction  of  Charge -Current 
Densities  and  StresS’-Energy-Momentum-Tensors.  In  the  following 
section  we  shall  use  (5.39)  as  starting  point  and  determine  what  con- 
ditions must  be  satisfied  for  the  existence  of  Conservation  equations. 


23.  Question  of  the  Existence  of  Conservation  Equations 

In  certain  cases  it  is  not  too  difficult  to  construct  noa-local 
•tress -energy  momentum  tensors  by  ihspfction  or  by  comparison 
with  well  known  local  field  expressions  for  the  stress -energy -momentum 
tensors.  For  these  cases  the  operator  field  eqxiations  involve  com- 
mutators of  the  fields  with  the  displacement  operators  . The 

question  arises  as  to  the  construction  of  the  stress -energy -momentiun 
tensor  when  the  operator  field  equations  involve  the  operator  fields 
and  the  displacement  operator  in  an  arbitrary  way.  Some  time  ago^ 
an  Identity  was  discovered  which  had  as  a result  shown  the  existence 
of  a non-local  vector  fxmetion  which  satisfied  a conservation 
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•quation  . We  may  be  able  to  uee  a generalisation 

of  this  identity  (the  fourth  identity)  (5.48)  to  study  the  structure  of 
conservation  eqxiations. 

From  (5. 22)  and  (5. 39)  we  have  upon  replacing  | by 
in  the  latter  the  two  equations 


/ 


[jA^G®r§].  ? o, 

(5.40) 

If'.Ll.  +f/-,G»rFSJ, -=o. 

Now  if  we  identify  **•  ***•  displacement 

operators  and  the  rest  of  the  A to  be  collection  of  indices 
specifying  the  fields,  say  A , then  (5.40)  may  be  expressed  as 

- (5.41) 

[f.  f "L  Fe - - fKSy FS'], 

where  t]  is  the  flat  space  metric  tehioir,  The  first  equation  of 
(5.41)  would  imply  the  existence  of  the  cohiervation  equation 


= o. 


(5.42) 


V 
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if  the  field  equatione 


(5.43) 


are  eatisfied,  where 


On  the  other  hand  if  (5.43)  ie  eatiefied,  we  cannot  in  general  be 
aceured  that 


[^,1'^'^]-  - (5.4M 

unUee 

[^A'j  I~S  J- 

where  the  etreee  energy  •momentum  teneor  it 

,s.«, 


(5.46)  and  (5.43)  may  be  eimultaneouely  eatiefied  if  the  fielde  are  local 
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fields.  Another  version  of  (5.46)  can  be  written  as 


(5.48) 


if  (5.43)  is  satisfied. 

We  conclude  that  there  exists  a vector  operator  N^(s  .44) 
and  a tensor  operator  ('  (5.47)  which  satiefy  conservation 

equations  (5.42)  and  (5^45)  if 


-o.  (Field  Equations) 


(5.49) 


implies 

Fa  J ^ ~ ^ 

also.  It  does  not  seem  to  be  possible  to  make  any  further  significant 
reductions  on  this  phase  of  the  problem. 

Applitation  of  this  method  to  the  simple  case  of  the  Lagranglan 
L ^ given  by 


(5,51) 


\ 
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#kicK  invoiv^i  a tingl*  tealar  field  U 9Ad  tbmmu^tef  or  anti 
commutator  exprtasioni 


[A,B]±  = AB±  Bf\, 


•how*  that  if  (5.49)  is  satisfied,  namely, 
then  (5, 50)  is  satisfied,  T''  turns  out  to  be 

4-  rf‘^lp^,[}]t  if^oh  'C/.uli  1^",  uJ± 

- Cp*^,  U ] ± U J±  ^ (s.sa) 

white  r works  out  to  be 

^ t (5.54) 


91. 


VI.  PHYSICAL  INTERPRETATION  OF  OPERATOR  FIELDS 
24.  Introduction 

It  is  appropriate  to  close  this  initial  phase  of  the  investigation 
of  the  theory  of  operator  fields  by  suggesting  a possible  interpreta- 
tion  of  the  C"  numbers  appearing  in  the  expansion  of  operator  fields 
of  type  utilizing  the  basic  functions  X^<  defined  by  (2.37):  in 
particular  the  C ~ number  H which  in  the  following  we  shall  denote 
by  , A clue  regarding  an  interpretation  is  given  to  us  by  exam- 
iming  the  result  of  a novel  feature  of  a variation  principle  for  non -local 
fields  (5.42,  5.44)  whereby  the  existence  of  a divergence -less  four 
vector  is  shown,  It  was  also  shown  that  it  is  possible  for  a (real) 
hermitian  non-local  field  to  give  rise  to  an  operator  for  the  net  number 
of  quanta  with  either  positive  or  negative  integer  eigenvalues. 

This  property  suggests  that  even  a real  field  in  operator  field  theory 
has  associated  with  it  a four -current  vector.  Only  for  complex 
fields  is  it  possible  to  construct  four  current  vectors  with  the  customary 
properties  for  local  fields  in  present  theories.  Since  even  real  non- 
local fields  imply  the  existence  of  particles  with  charge,  one  would 
expect  that  such  a field  could  be  in  interaction  with  external  local 
electric  and  magnetic  fielus.  The  structure  of  the  interaction  must 
be  chosen  in  such  a way  as  to  be  non-existent  in  the  limit  of  the  local 
field  case.  This  would  imply  that  even  a real  non-local  field  has  the 
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potentiality  of  manifeetiag  properties  of  non-real  local  fields  in  inter- 
action with  an  external  fiold.  For  the  sake  of  simplicity  the 

case  for  a constant  external  electromagnetic  field  is  considered, 
while  the  non-local  field  is  taken  to  be  of  the  electromagnetic  type. 

One  way  to  introduce  an  interaction  of  the  type  contemplated 


above  is  to  replace  the  displacement  operator 


the  operator 


(6.1) 


where  d is  a coupling  constant.  C velocity  of  light  and  /\  , 

a 

the  external  local  vector  potential.  Such  a replacement  assures  us 
that  the  commutator  expression 

(6.2) 

is  devoid  of  terms  containing  the  coupling  constant  ^ if  U is  a 
local  function.  As  a consequence  of  the  definition  of  we  find 

P ^ 

that  the  i yu,  do  not  commute  amongst  themselves: 


--HVic 


(6.3) 
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Fsl 

^ ^ i*  the  assymmetric  external  electromagnetic  field 
strength  tensor. 


25,  The  Field  Equations 

The  field  equations  for  our  non>local  electromagnetic  field  in 


interaction  with  a given  external  local 


E.H 


field  may  be  obtained  in 


the  same  manner  as  the  commutator  equations  for  an  electromagnetic 
field  in  an  earlier  piece  of  work^^^  by  merely  replacing  the  by 

P 

the  commutator  equations  for  Maxwell's  Equations  to  obtain 


(6.4) 


where 


/jLir 


ir  ’/u 


(6.6) 


The  above  equations  reduce  to  the  ordinary  equations  if  the 


A’5 


are 


local  independently  of  the  value  assigned  to  the  coupling  constant. 

Now  let  us  consider  the  case  where  the  /A^  are  the  vector 
potentials  for  a constant  local  external  Iz^  j~i  field.  For  such  a case 


*(6.5)  is  only  valid  for  a constant  field.  In  general  this 

tion  would  be  non  •homogeneous. 


equa- 
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tk«  A may  be  written  as 


A!.  = V'", 


s-^< 


(6.7) 


where  the  nxunbers  depending  upon  the  external  field 

•trengths  and  j4  and  the  are  the  space  time  operators. 
The  proper  identification  of  the  which  lead  to  the  constant 

yu,tr 


E,H  n 


field  follow  upon  making  the  identification 


Co.  . F4  , 


16.8) 


r s - 


-c-sr=  2 r,3  = /,a,3 


where  the  P ^5  are  the  constant  external  field  strengths.  For  the 
ease  under  consideration  here  we  conclude  that  P/-  J i® 

a C"  number  as  we  see  irom  (6>3)..  This  observation  coupled 
with  (6.4)  enables  us  to  write 


(6.9) 


I 


A 5s 


providing  w«  take  as  our  supplementary  condition  on  the 
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Now  let  us  seek  a solution  of  (6.9)  of  the  form  of  a non-local 
plane  wave  defined  by 


^ ^ (6.  »> 

where  <3^.  «d  are  numbers.  The  introduction  of 
(6.  ll)  in  (6. 9).  (6. 10)  and  (6.5)  lead  to  the  equations  restricting  the 
above  C.^  numbers  if  we  make  the  observation  that 

%-^¥c  ,6.u, 


which  is  a consequence  of  our  fundamental  commutation  relationship 


-ajc. 


(6.13) 


The  result  (6. 12)  implies  from  (6.10)  and  (6.9)  the  following  relation- 
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•hip0  txiating  between  the  C”  numbers  0^ , and  : 


(6,14) 

(>  - 

(6.15) 

FT  K^.o. 

(6.16) 

From  (6.6)  we  may  write 

f:,  • e‘*'v«  , 

(6.17) 

where  the  C'~  numbers  given  by 

(6.18) 

These  results  enable  us  to  state  as  for  the  classical  treatment  of 
Maxwell’s  equation  that  upon  identifying  according  to  the  scheme 


- F^s  * - ^ £s^  s = 1^2.^  3 


(6.19) 
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the  vector  IC5 , 3 — ^3  ie  perpendicular  to  the  vector  f ^ 

end  H3  . Furthermore,  upon  using  the  scheme  (6. 19)  with  the 

P *S  replaced  by  ^ and  t j by  and  H J by  we  find 

that  the  vector  ie  perpendicular  to  h ^ of  which  is  ih  com*- 

plete  agreement  with  the  properties  of  a plane  wave  solution  of 

Maxwell's  equations  with  the  exception  of  the  finding  that  the  ordinary 

propagation  four*vector  be  replaced  by  given  by 

(6, 14),  The  general  solution  of  (6,9)  will  of  course  correspond  to  a 

sum  over  and  subject  to  the  restrictions  (6,14),  (6.15)  and 

(6.16),  The  coefficient  of  O/^ in  (6, 11)  forms  a set  of  basic  func* 

(61 

tions  asids  from  a normalization  factor.'  These  are  essentially 
theXjjij^l  given  by  (2.37). 

26,  Mass  Equivalent  of  Non-Local  Photon 

The  results  thst  we  have  obtained  would  enable  us  to  consider 
the  polarization  effects  of  the  non -local  electromagnetic  field  in 
interaction  with  the  constant  external  E ^ H field.  It  would  be  more 
interesting,  however,  to  cohslder  the  consequences  of  the  relation- 
ship (6.16),  If  we  define  the  a<|ui valent  mass ^LA-  through  the 
equation 


(6.20) 
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then  (6.20)  in  conjunction  with  (6. 14)  and  (6. 16)  impliee  that 


where 


b.src  c.,  f = -j£*% 

b - (|-)*X  <i)=--^c(4X  )-}"■) 

fj  ^ t 


(6.22) 


in  vector  notation. 

(6.21)  together  with  (6.20)  or  direct  appeal  to  (6.14)  yielde 


k = -b„l  cIN+bl 


J 


(6.23) 


which  may  be  interpreted  to  indicate  that  when  a non-local  photon  is 
in  an  electric  field  there  is  a contribution  to  the  energy  of  the  nature 
of  a dipole  term,  namely  - , so  that  we  may 

attribute  to  a non-local  photon  the  electric  dipole  moment  ^ ^ . 

w5i 

This  identification  has  as  a consequence  given  physical  significance 
to  the  C*  numbers  appearing  in  our  expression  for  a non-local 
plane  wave.  It  would  appear  then  that  a non-local  photon  would  be 


•ubject  to  deflections  in  an  inhomogeneous  electric  field  as  a con- 
sequence of  its  electric  dipole  moment  and  the  massive  properties 
which  it  would  possess  by  virtue  of  (6.21)  in  the  presence  of  a con- 
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stant  electric  field  and  consequently  also  in  an  inhomogeneous  one. 
To  consider  the  effect  of  our  H field,  we  may  expand  ho  given  by 
(6.23)  in  a power  series  in  the  H ‘'S.  Upon  retaining  terms  which 
contain  n to  the  first  power  and  making  use  rf  (6.22)  we  find 


(6.24) 


If  we  take  in  the  absence  of  the  E^H  field,  (6.24)  indi- 

cates that  our  non-local  photon  possesses  a magnetic  moment: 
(V2)(^^kyi  k I . Thus,  we  would  also  expect  a non-local 
photon  to  be  subject  to  a deflection  in  an  inhomogeneous  magnetic 
field.  We  note  that  the  dipole  moment  and  magnetic  moment  are 
perpendicular  to  one  another  while  the  propagation  direction  ^ ^ 

is  perpendicular  to  the  magnetic  moment  vector. 

In  general  we  will  not  be  able  to  say  thayft  unless 
certain  conditions  are  satisfied.  We  ehall  inveetigate  the  eituation 
on  the  basis  of  the  expression  (6.24)  for  which  provides  us  with 
first  order  correction  terms  in  terms  of  the  first  powers  of  our 
external  E,H  field.  Upon  introducing  (6,24)  into  (6.20)  we  obtain 
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to  the  desired  order  (the  upper  eigne  in  (6.24)  ie  taken), 


/uc^-c  I [2  E'‘- j+H" • M J ^ 

-clkl^vfeE^-kxH/ikiJ. 


(6.26) 


Coneequently,  in  order  that^,^^^  O , the  dipole  moment  vector 
^ ^ muet  be  orientated  in  each  a way  as  to  be  intermediate  to 
those  positions  corresponding  to  the  extreme  cases  of  perpendicularity 
and  isodirectionality  to  the  vector  P"  defined  by 


Fici>i[=g*+fcxHyiki]. 


(6.27) 


^ i. 

In  the  former  case  Al-C.  would  attain  its  smallest  value  zero  while 
in  the  latter  it  would  have  its  maximum  value,  namely  ^ 1^1  • 
If  we  average ^ over  those  directions  for  which ^ ^>0  we  obtain 


W ■ IT- Osil  I Fl/ 


which  would  provide  us  with  an  estimate  of  the  equivalent  mass  of  a 
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non-local  photon  in  an  external  Ej  H field. 

Let  us  now  make  an  estimate  as  to  the  order  of  magnitude  of 
. Now,  upon  making  the  substitution 


IF/clkl=|i£*+kKH/jl,lL 


(6.29) 


in  (6.28)  to  indicate  the  magnitude  of  the  external  effects  of  the  field 
as  measured  in  Gaussian  units  we  find  that 


<^)/m = 73 I K ts. 


30) 


where  ^ is  the  electron  charge,  Yf)  its  mass,  ^ the  magnetic 
moment  of  a Bohr  magneton,  and  A.  the  wave  length  of  our  non-local 
photon.  However,  we  must  have  on  the  basis  of  the  assumption  of  the 
validity  of  the  expansion  which  lead  to  (6. 24) 

2T|  S/e  \\U\  j c ) < 1 , ,6.M, 

where  denotes  the  Compton  wave  length  and  we  have  assumed 
the  rough  nxunerical  equivalence  between  IF!  and 
If  we  take  /O  , ^ ^ and  I I M C ^ /O  Gauss, 
(6. 31)  implies  that  if  ! 0^000  cetyo.  the  expansion  (6. 24)  is  valid. 


V- 
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reiults  would  show  that  if  w«  take  ^ to  be  the  order  of 


magnitude  of  a Compton  wave  length  that  ^ / O electronic 

maeeee  which  would  correepond  ' ’ S’OO  • VI  On  the  other  hand 
if  ^ ii  of  the  order  of  an  electronic  radiue  ^€6  ^ — 3 X / O 
electronic  maeeee  £T.  V, 


27,  Equivalent  "Index  of  Refraction**  of  lA.  Region 

In  order  to  gain  a rough  idea  ae  to  what  could  be  expbeted  to 
occur  when  anon*local  photon  impingee  upon  a region  poeeeeeing  an 
Ej  H field  we  may  aeeign  to  the  region  an  equivalent  index  of 
refraction 


T1 


(6.32) 


(6. 32)  ie  obtained  by  making  an  analogy  with  optical  theory  and  ueing 
our  expreeeione  for  ho  given  by  (6. 24)  which  in  turn  may  be  ex* 
preeeed  in  terme  of  F'  defined  in  t6.27).  (6.32)  indicatee  that  if 
^ ^ O , the  "wave  velocity"  would  be  greater  in  a region  con- 


taining the 


field*  than  in  one  devoid  of  such  fields.  Moreover, 


we  note  a dependence  of  upon  the  direction  of  propagation 
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relative  to  the  orientation  ol  our  external  e;h  field  and  upon  the  wave 
length  which  enters  into  our  expreseion  (6.32)  in  such  a way  as  to  show 
that  one  can  expect  T)  to  deviate  from  unity  in  a manner  directly 
proportional  to  the  wave  length.  If  O , then  Yj  ^ I which 
implies  that  the  "wave  velocity"  is  greater  in  a region  not  containing 
the  H field.  In  this  case  also,  the  region  would  possess  aniso- 
tropic properties  with  ^ deviating  from  unity  linearly  with  increasing 
wave  length. 


28.  Summary 

In  order  to  indicate  conveniently  the  order  of  magnitude  of  the 
effects  implied  by  the  existence  of  a non-local  photon  in  interaction 
with  a constant  external  H field,  let  us  define 


(6.33) 


as  measured  in  Gaussian  units  and  put 


S'i'  , >' 
W!5-  - 0 ^ 


(6.34) 


which  is  the  number  of  Bohr  magnetons  ^TrrnC  } expressed 
in  terms  of  our  coupling  constant  and  the  vector  ^ which  appears  in 
our  non-local  plane  wave  (6.11).  The  inequality  (6.31)  takes  on  the 
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form 


A^B  Yr\oM.  ^ 


(6.35) 


where  ^Yr^UiC.  denotes  the  value  attained  by  3 in  (6.33)  when  ^ 
is  perpendicular  to  defined  in  (6.27),  is  the  wave  length 

of  our  non-local  photon.  the  electronic  mass  and  the  charge. 
Introducing  (6.33)  and  (6.  34)  into  (6.30)  and  (6.32)  we  obtain 


|n-i  I = (^/zyncJ^)  B. 


(6.35),  (6.36),  and  (6.37)  become  upon  introducing  the  niunerical 
values  of  ^ , Vn  , C . «.d  (S  . 

In-il  =3,2  x/O'AA^BA 


(6.38)  shows  that  for  pronounced  measurable  optical  effects,  say 
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|t)  - I I w>  0,  j , some  of  the  non-local  photone  would  have  to 
poeeeee  an  equivalent  magnetic  moment  of  the  order 
Bohr  magnetons.  If  such  were  the  case  then  ^Xm  would  attain 
a value  of  order  electron  masses. 

These  effects,  of  course,  would  vanish  in  the  limiting  case 
of  local  fields:  = O , independently  of  the  value  assigned  to  the 

coupling  constant  ^ , Consequently,  it  would  appear  that  non-local 
field  theories  could  be  examined  in  the  light  of  experiments  which  are 
implied  in  this  work  if  we  assume  that  our  procedure  for  introducing 
an  interaction  is  correct  and  that  the  photons  existing  in  nature  are 
non-local.  In  the  same  way,  we  can  consider  other  non-local 
'^particles":  "neutral"  or  "charged"  in  interaction  with  a constant 
Ey  H field  of  the  type  considered  here. 


V 
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